In this paper we will drop the restriction that the divisors need be positive. We will also show that in certain quadratic fields, every integer can be written as a sum of distinct units. Since every divisor of pk~lM is also a divisor of pkM, the induction hypothesis assures us that every integer from 1 to (pk~1M) can be Since M does not belong to A there must be a smallest integer j such that Mj belongs to A and M¡+í does not belong to A. By Lemma 1, a(M¡) <(pj+i -l)/2. Let R be the sum of all divisors of M greater than or equal to p¡+\. We will show that R -(pj+i -l)/2 cannot be represented as a sum of distinct divisors of M. If R is used positively, the smallest integer which can be represented is R -o(Mj)>R -(pj+i -l)/2. If any divisor d ^pj+i is not used positively, the largest integer which can be represented in the desired manner is R-d
As a direct result of Lemmas 1 and 2, we can now state the following theorem. We will represent any integer (P = x+y\/2) in Ra(\/2) as a lattice point (P) in the plane, whose rectangular coordinates are (x, y). We will fill the plane with concentric squares whose diagonals are the coordinate axes. The length of the diagonal of the k square is 4Bk. It will be shown that every integer lying in the k square can be represented as a sum of distinct units belonging to the sets Fo, V\, • • •, Vk.
Theorem 3. Every integer in Ra(-v/2) can be written as a sum of distinct units.
By inspection it can be seen that every integer in the first three squares can be represented as a sum of distinct units in the sets Fo, Fi, F2 and V3. Let us assume that every integer in the k -l square can be written as a sum of distinct units in the sets F0, Vi, ■ • ■ , Vk-i and prove the theorem by induction.
Consider any point inside the k square. Since the square and all sets of units are symmetric with respect to both axes, there is no loss in generality by assuming that the point lies in the first quadrant, on the positive x axis or on the positive y axis. If the point lies inside the k -l square, a required representation is assured by the induction hypothesis. Thus we have: 2Bh-i <x + y Ú 2Bk, y ^ 0, x ^ 0.
We divide the possibilities into three cases. In Case 1 the point lies above the line y -x = 2(bk -5*-i). In Case 2 the point lies below the line y -x = 2(Bk-i -ak). In Case 3 the point lies on or between these two lines. Case 1. 2Bk-i<x+yú2Bk,
If we subtract 2bk from y, we obtain a point P' with rectangular coordinates x' = x and y' = y -2bk.
x' + y' è 2Bk -2bk = 2Bk-i, y' -x' > 2(bk -Bk-i) -2bk= -2Bk-U and x' ^ 0.
Thus the point P' lies inside the k -l square and by the induction hypothesis can be represented as a sum Sk-i of distinct units in the first k sets of units. P = S*_i + 2bk\/2 = Sk-i + (ak + bky/2) + ( -ak + bk\/2) and the theorem is proved in Case 1.
Case 2. 2Bk^i<x+y¿2Bk, y -x < 2(Bk-i -ak), y ^ 0, x ^ 0.
If we subtract 2ak from x, we obtain a point P' with coordinates x' = x -2ak and y' = y.
x' + y' è 2Bk -2ak á 2Bk -2bk = 2Bk-x, y' -x' < 2(Bh-x -ak) + 2ak -2Bk-x, y' è 0.
Thus the point P' lies inside the k -1 square and by the induction hypothesis can be represented as a sum Sk-x of distinct units belonging to the first k sets of units. P = Sk-x+2ak = Sk-x+(ak + bk\/2) + (ak -bk\^2). Thus the theorem is proved for Case 2.
Case 3. 2Bk_x<x+yú2Bk, 2(bh -Bk-i) èy-«è 2(Bk~x -ak).
If we subtract ak from x and bk from y, we obtain a point P' with coordinates x'= x -ak and y' = y -bk. Applying (2) we obtain the following inequalities:
x' + y' > 2Bk-x -ak-bk^ 2Bk~x -^Bk-x = -2Bh-x, A method of proof identical to the method used in Theorem 3 may be used to verify this. Theorem 3 is not true for m = 3, 6, or 7. Clearly the theorem is not true for m<0. It is conjectured by the author that Theorem 3 is true only for m = 2 and m = 5.
